In this paper, we consider GFSR sequences with low discrepancies that are produced by a recurrence relation whose characteristic polynomial is a primitive pentanomial, whereby each term can be generated only by three bit wise exclusive-or operations. The use of pentanomials is motivated by the fact that there exists at least one pair of Fibonacci polynomials, which can be exploited to generate lowdiscrepancy GFSR sequences, for every degree less than 22, whereas this is not true for the trinomial case, and in most of practical applications we need the point sets of size around 210 to 220, We give the table of the pentanomial GFSR sequences with low discrepancies which were found to be the best in the dimensions two to five for degrees less than 22. The paper also gives some results of the applications of these low discrepancy points to multiple integration problems.
INTRODUCTION
Low discrepancy points and sequences are known to be useful for numerical integration, simulation, and optimization.
The most recent survey on this topic can be found in Niederreiter (1992) . Fibonacci polynomials are closely related to the two-dimensional discrepancy of Tausworthe sequences, a typical class of shift register random numbers (Tausworthe 1965; Lewis and Payne 1973) .
For the digital multistep sequences, the special subclass of Tausworthe sequences, Mullen and Niederreiter (1987) includes Tausworthe sequences as a subclass (Tezuka 1990 We call as a low-discrepancy points such a point set, X(),X1, .... XjV_l, in Ik, that the discrepancy satisfies where ck is a constant only depending on the dimension k. The use of low discrepancy points are justified by the Koksma-Hlawka theorem, which is presented as follows: 
where g(x), h(z), M(z) and~n (z) are polynomials in GF{2, x}. In practical situations, Un is expressed approximately by its truncated value, i.e. by summing from some constant -L instead of -co.
The discrepancy of the sequences defined in (2) has been obtained (Niederreiter 1987a,c; Tezuka 1987 Tezuka , 1989 ). Here we define deg(0) = -1.
where the minimum is taken over all nonzero polynomial solutions (hi(z), .... hk(z)) of the equation:
If the sequence defined in (2) has a period of 2P -1, then the k-dimensional discrepancy of the sequence over the full period is given as
where N = 2P and ck is a constant depending only on k.
Hence, the value of p(k) can be regarded as a figure of merit for the discrepancy of the sequences; that is to say, the larger p(~) is, the lower the discrepancy.
For the two-dimensional case, the next theorem (Tezuka 1988) links the continued fraction expansion of g(z)/it4(x) with the two-dimensional discrepancy.
Theorem 2 Let the partial quotients in the contin-
Then we have
Note that there exists a pair of polynomials The following recurrence relation produces a se-
where Fe(z) = 1, Fl(z) = Al(z), and Ai(z), i = 1,2, ,,,, are arbitrary polynomials over GI'(2) of degree one, i.e., Ai(~) = z or z + 1.
is a pair of Fibonacci polynomials.
Note that if in the equation (2), g(x) satisfies the trinomial relation
p > q, and h(z) = O, then u. follows the recurrence relation: 6,8, 9,10,11,12, 13,14,16,19, 21,24,26, 27,29,30, and 32 . This is practically unsatisfactory because in most of applications of low discrepancy points we need the point sets of size around 210 through 220. In this paper, we consider the case where g(z) satisfies the pentanomial relation Table 1 , where we listed only the exponents of the nonzero terms of the polynomials.
In this search, we omitted the pair for the reciprocal case, 3P + 2P-91 +~P-92 +~P-'43 + 1, which could be used as well. Also we omitted a pair (g'(z), lkf'(z)), which is obtained by the transformation (g'(z), lkP(z)) = (9(~+ 1), M(2 + l)).
In (2) using (g(z), Ll(z)) in Table 1 .
We applied four of our generators, G11,S,3,2, G14,1z,Z)1, G17,1iI,7,6, and G20,11,6 )1, to the following five multiple integration problems:
f, = 1 + Z1 + 2X1X3 + 3Z1Z;Z: + 4Z12;*3X: + 5ZIX:X;X:X; .
In Table 3 
